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Marking Scheme: Summer 2015

Find
f 20¢e™ 10 dp.

{7 Marks|

Selution: I <t u =20t [1] so that du = 20.df and dv = e_‘wt dt [1] so that v = —-——e™1% [1]. Using

integrasi:r by parts i
; 1 s BF 1 .
sy = 200 —-—-nr-mE— g 10
/ud’v 2 t( e ) /( e )20dt (2]
s —2te 1% 4 2 f e~ 1% gt
1
— 9t L o f 1 100 1
e + 2( T5¢ (1]
=g ¥ 2040
Exercises
1. Find f weos zdz and ekeck yowr solution. Ans: zsinz + cosz + C
2.‘,“/1=,_de$ Ans: (e - 1)+ C
3. Find fzhnzde. - Avs: 3#°laz - j2* + C
1
4, [m—;dm . L.hs _ﬂf+€
VA ! z
£2 - “ 1
5. / ze®®dz . ;_-_-_-:_‘7(3& + 1)~
0 s
6. * Find [sin~' zdz. tws) peinHz) + VI 22+ C
7. * Find [0sec?df.  Ans: Jien'?) —Inlsech] + C
. f ¥
g /: erctan x d L s 5(332 + 1)arctanz — g +C
Ceow — ousiaerivatives involving Inverse Tr.gonoraetric Functions

This s2ctcn %o hard -t v. important for third year. L ; 5

TFhe ¥-s.-astitution isthod and Parts replaces complicated antiderivatives by simpler ones, but
on2 m.3s then be a7l: to evaluate those simpler integrals. This is often done by using a table of
standerC istagrals sich as the list in the mathematical tables. It is not necessary to memorize all
of t2z s, 2yt one skuld recognize ea,ch one of them if it arises when attempting to antidifferextiate
§oit s sunction.

"= a table of standard integrals, quadrasic expressions a.ways appeer in cne of the ferms z% +
2, =% - 2 or a® — 22, where a € R is some constant. These are related to the inverse irigonometric
7 ~ctions via Pythdgoras Theorem.

We use implicit differentiation to find the derivative of sin="(z) and tan~"(z).

B
»
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4.2.1 Proposition
We have that

_d_sm 1() H,_L_r
7R Y
d . 1

& B @ 1

Proof. We start with y(x) = sin™}{z):

2 J‘l Sia '{1 )

Therefore we have that zc = sjn(y(z)). Now differentiate implicitly with respect to x:

'!"3(053

- T ——
f cosy
We want our derivative to be in terms of #. If we put y in a right-argle Lriangle with hypotenuse
one, Pythagoras gives us cosy in terms of x:

12z xt4a’® S'"j +cos z |
'.__)Gt= l'lt > €05 5 s |"'SWI

,g).qa‘)'r"" S cosy - =J -s.ng

’ -1
Therefore cosy = v/1 — 2? and we are done. - ’ l - x 2

-—) = ¢

These are the formulae that appear in your mathematical tables:
)

' /—E;__C_ng:c = sin~? (z) + 2

1 1
] dr = = tan ! (E) +C
a2 + z? a- a

Fraof. "6 cen show the second one by differentiating the right-harnc side using a Chain Rule. Note
fivst £a=%

_tan_'lm—L
dx 14z
$0 taat
d T 1 1 d rx
=t —1(_) —p= =l
d:r;( an a) al+ (%) dx-(a,)
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The first antiderivative is left as an exercise. You need ‘ a ;* ‘x
7

.1 1
sin”"x =

If you have a quadratic (with an z?) that is not a sum or difference of two squares (ie., if an z
term appears also) then lcomplete the square | ~-- that is write

+2% + pr +-q = a® £ (2 + b)* ' /
for some a, b € R, where the + depend on whether we will be integrating an mtegrand with a? 4 2?
2_ 2
or a° — I +x‘—;——> 0 +Cx-‘-b)
T
Examples - X 30 _(x "‘L)

S

2

1. Complete the sguara:

Solution: To wag

4

QQ.LOI

e :
. Fiad« = ~ 57————7d
e 2 _r el

A

Solutiz v Locking at this note that

1 [ g o and perheps 1~ [ Gy o

wirst wi coxpplete the square 2 r-
X Uj] 2 at+Cx+b) =[Q+H'®""-’°

- :-.|2_ » +b!"q"
:_)9'::-6 )0‘34 36 q’l
| _FD a*=
SE) a =4J.T'
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A a

Therefore the antiderivative is

[(f)2+(m 6)2

Use the substltutlon W=z —6=dr=dw:

(Jiv)‘* w'

a=)S

48

3. Bummer 2614 Zvaluate

;_'xl.!__n) Ql’lcl_*b) : 'I ]\/15 4:'123;;33“"

Solution: The-a i3 no direct =
guadratic under a square-root . -z Lz

tegretion -at there is a possioie maziswatic

dw-l

dw ...._.,{nn“' )

=.._—-=+““(?.‘-;'Z +C
J§ \Js |/

Z. nere 1s a

i-.2 Zzaominator. This should lead us 2 saink of <

\f .
_ 1 —sin (% f
’/-a»—\.?/mdm—sm ()+C’buta180

1

. V@b w2

ISk -aTE 0t Grib)® = at=(x e 2bs +b‘)

- Mz czoxite toe integral and note that it looks like the ir
sucstitution

egral of sin~}{z) so we Go &

bat é’u



MATH6040 — Technclogical Maths 201 171

Remark

As far as MATHG6040 is concerned, thebe ‘complete-the-square’, inverse-trig-integrals are easily

summarised using:

2 2
=sin"!= e —(z+5b
[ (o4,
1 2 2
| fm2+ = tan~! = a% + (z + b)2.

Y

4. Winter 2012 Uetermine the following integral

5 1
—————dz
,/_2 z? + 6z + 16

Solution: Can tais integral be done directly? Well it is 1/(2® +---) so, in the context of
MATH604O an nverse tan and so need the map pulatlon knowa completlng the square:

+ 2b= b

Mew this yields to

=

'&Ja‘:lb:) c\"*‘l:lb_-z o=

S VRS "

&
T balb (T\’+(x+3\

the subciisution v = x + 3. We have — =1 and so dw = dx:

J T3V + W o= T’l““ (y'\

T: s can be antldlf’ferentlated directly... it is an inverse tan, tan~! with ¢ =

5
-2 z+bx+5

gy s [ h(w)&

(B - L b [22 43
AU 3
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A(U\*A(D)

T 3004 *_3(08\

l,

-2 =K 1] [
”3 X
-

Figure 4.3: This area is concave and so we can use a trapezoid to find an upper bound.

-\
Marking Scheme: Zutiu+ 2015
Find d
z? - 12x + 37

[6 Marks]
Solution: Comgiets iz stuars

2 — 122+ 37 = (z+ a)2 + b°
= 2% 4+ 20z + a® + 0%,
whicn gives 2z = — 2 => 3 = —6 [1] and
a? + % = 37
=¥ =37-a"=37-36=1

= b=+l [1]
=22 120+ 37=(—6)°2+1,""

and so we have

N 7 1
f — — — = ———~—d 1
]m2_12m+37d$ _ 7/(x~6)2+12 ’ [ ],

= Ttan‘_l(:v‘— 6) +C. [1]
Brer:iz:.
Y 1
s Srre S o taa " () = T2
tolo o actoally Section 3.3 materiall.

. [Similar to the proof of tae first past of Proposition 4.2.1:

-

2. ~ind/eveliate the integral . :

=k
“e) — dt Ans: .

(o) ——at  Ans: 7.
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Q. 1-2: Complete the Square. Q. 4-6 Find the antiderivative-

2 — 2
1. z2+x+1 Ans: (m+-§-) +(£) ]

2
3 9 :
17 :
2. —2%+ 52 -2 Ans: (ﬁ) — (m—é) : N
) 42 2
1
1 1 oy 45 T
3. Sux ; E —_———dx \ns: — —{ =) - =,
ummgr 2012 valuate/_1 PRy dx Ans 3*ta»n (3) kT

1
4, Winter 2017 Evaluate /
-2

Ans: sin~1(3/5) = 0.6435.

f dx

. fx—1
S VBrmma A (T) e
: dz 2 s 21
o [ A gy (—ﬁ—) +C F N
1 1 (z+2 4 '
— = = e 2ol (T
7']2x2+8m+4;“‘$ g osm=1 =y )*C “‘/_
4.3 Work . ' 1V / >
£.3.1 Work done by & Force G b

If we have a force F'(x) that is given as a function of position, then the work done by the force in
movirg the object from = = a to z = b is given by

} W= f m) dof~ S Fla) Az = (AW). (4.1)
a
This is also examiaable in MA’FH604O It will appear on the exam paper a&( = [ Fda.

1. Summer 2014 Suppose that the force on an object at a distance 2 metres from a point O,
measured in kilo-newtons, is given by

s

7'y = 10zsinz. \
Find the work c.cie in moving the object from O to a distarce of 167 raeires from O.

O lution -2 work s given by the integral of force: . 1@ 4
. f‘ 0,
W = Sm)( AJ( 44/_p
O dv

|Ojls“ X -SinX -dx
PAQTS Ju dv = U.v JVJM
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"'his requires an integration by parts ._> g .- ‘0( l) ao
Let w =10z = du = 10dz andev 5smm dz = v = —cos ¥ so that the a=%. “arivative is: !
(S IO X SiAY - d)t 210 - (~cosx) - (""”‘3 lodx
and so the wcrx done is: - lox co&x p lgf‘ﬂx
NE [- 10x- 05X +10-Siax 1,
_ .cos(iS7) +10SIACIST)
_[-lotrsa)c o “OSMO)J
— (-10(€0)- co3 _
= ISoF = UF[-2 N =

o, kd and 17 1o ace also OK if the appropriate unit convarsic =

z. Summer 2015 3appose that the force on an object at a dista:
measured in newtons, i3 given by

5 waires from a pelint 2,

1 - l
)= —mmeee——— = =

A -y = & ?33.__(1-27’

i. Complete the square of 5 + 4 — 2

TR L

80 ‘we want —25é 4= E: —2 and

al-b!:S' |



G- :z‘ 0‘1 = Sin ("")
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ii. Hence, find the work done in moving the object fror z = 2 m (from Q) to
z =5 m (from O).

Sowtion: We have - 18 /
LJ:‘[‘ - dx = [ s 1-2-) R4
b |

Letw—x—zsothatdw—dws‘ﬂ -—.‘2 = Sidﬁ‘(x-z

63%w 3

= 5\1\ ) ~SA (l- )
™M

SE N
2

Marking Scheme: Lutumn 2014

Suppose that the fcree on an object at a distznce z metres from a peint O, taeasured iv kN, is
given by
F(z)=0.5zInz.

Find the work done a rcvizg the ot ject frcr a point 2 = 1 metres from G to a point a diste,” o2

of £ = 2 metres from 0. .
’ 17 Marks]

Solution: The work is given by the integral cf force:
(1]
f'—/\""'— N
2 - 1 2
W= / 0b5rinzdr = —f zlnzdz.
1 2h

d ; T’
This requires en integzation by parts [1]. Let u =Inz => du = —5 [Z] and dv =zdx = v = T (1]
so that the antiderivative is:

(n(2) - () (£) -3 Groe- /)

1 z? 1
:Zmzlnm—z-%=zw21nx g.'zg (1]
1 1,]?
#VJ:[ZxQInm—gmzl_'

- [Gema - )) (jwrmy - 507)] m=(m2- 5~ 5
=1nz—§kNm~0.318 KN . .

—
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Figure 4¢.8: Aplot of y = (z —~ 5)%2.  Ans: L

| x e fom e
4.4.2 Voluse & lentre of Gravity of a Strface ci husvoiuticn ==,

If we rotate a region - cer a function y = f(z) about th> z-axis, taen a sciid s generated: \0«

~

Figure 4.9: The volurr‘e of tae solid generated by rotating the curve y = f(z)

and z=b — is gwen V= / 7y? dz (which is cn the exam peger).

Il

— rosween x =@

-

Fxampies

1. Suimm:zs 2205 Cescribe the solid generated by rotating the curve y = 5z adout the z-axis

between x = C a-d = 1. Find the volume of this solid.

Solution: Note 3:as tae curve is a .3 as it = ol t-e form y = mz +e SO t“at the solid is &
sone (of radius iaree and height one).

5\
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The volume is given by

Vafige

184 -

< Joredes st [aa |
3 lo
= 19( )’ - 74’ = 3

2. Winter 2012 Sx{etch ard cetermine tie 1 lume of the solid formed when fh‘e portion of the

1
curve y = x° + — lymg_ between z=1an> z =iz r.%e

Solwticn: Ve can do <, zcagh sketch by plostiz 3 points: ~

121 about the z-axis.

Ly

=

Now we pi03

Iﬂ¢

1l 3 |

We must calctate the mt;egral

V= j‘\i 3‘

Diract %

low we comg iz

53 (1 +._.\ dx

"r toolas? 17ex Dlll ticn? We can rewrite the ing

(_1 1-;.\ (x

Yx "J’) 1‘14141-&

5'1‘,_:.r_..._

(
42

sx*+22 + 370
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QOur very last task it to calculate the centre of gravity of a surfaca of revolution:

¥y

!

f

Figure £.25: cow can we find the centre of gravity of the vorurne generate., oy rctating the curve
y = fix) about the z-axis between r = a and # = b7 The ceatre of grawuy w..l be at a point cn
the z-axis {why") — vwe denote that point by (z,0). _ -

Tt turns out that the aaswer to this question is given by the coorcinates

9
o Jrytde )
E= , g=10 . : 4.3
where y = f(x). These fermulae will be given to you ir. the exam. I wculd reco-nmznd strongly
that you evaluate each of the two integrals ceparately. Néte that [y dz = X ~ and indead

_ Jzytde [wzytde Cwaytde
- . = [y2dz — [mytdr v

Autumn 2012

)

*Suppose that the bounded area between the curve y = 2z% + 3, the z-axis, end the ordinates at
z=0and z = 3 is rotated around the z-axis. Sketch and determine the coordinates of the centre

of gra: r‘ty cf the solid generates. r 3
Solutizn: Plot points sand sketch: ' x %— A 'S' ' ' | l '
,- ﬁ\ g !ﬂ : .

We use t-2 formuia t2 “n7 the centre of gravity. First we look &4 / Ty’ .

J ljth j’;(iz'-ﬁ\l&
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This integral yields quite nicely to the substitution w = 2z% + 3 but you should look for a manip-
ulation before a substitution. Hence we multiply out the integrand carefully:

(243 = (a23) (22 3) = ba* 16 ¢+ bata
D 2. (%3 = L 41223 49

Now we can integrate from x = 0 toz =3

Sl i o g R
> (u%\ : \1@_)" m(_%) ) = ( h(z\ EG) *q(__) ) \\

L I}

i
Now we look = 2. Lucklly wa nave (222 + )2 already so we can werk away:

Sk = [+ 1oz ] T “us

(“(._l leQ’ﬁ(s\) (H(zhlz(so) ﬁ(@\)

2., bogehzer we Lave that the centre of gr_av1ty 1s found at 33 ‘1
- s
j :3 A
374



