
1 Implicit Differentiation

Suppose there is an equation in terms of x, y given by:

If the x and y are combined in an ‘appropriate’ way, then this defines a curve in space and this is
the equation of the curve. The equation of the curve asks the question; is a general point on the
plane (x0, y0) on the curve? If it satisfies the equation then it is on the curve
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Figure 1: A point is on the curve if and only if it satisfies the equation of the curve.

Example

Consider the equation

This is the equation of the unit circle. It is not a function: but is rather is comprised of two
functions (branches):
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Figure 2: A circle is two functions f1 and f2, glued together.
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Suppose we want to find the equation of the tangent to the point (1/
√
3,
√

2/3). We could differ-
entiate f1(x) =

√
1− x2 and find the equation of the tangent that way, but what if the curve is not

as simple as the circle — with many, many branches?

Luckily there is a technique called implicit differentiation, which allows us to differentiate away
and not worry so much about branches etc. Briefly, we implicitly say that y = f(x), so when we
differentiate, for example y2, we must see it as [y(x)]2 so it would have derivative:

Given the equation of a curve

then if both sides are differentiated with respect to x then the equation reads:

which can be solved for y′ ≡ dy/dx in terms of x and y. This will give the slope of the tangent to
the curve at (x, y). If (x, y) is not on the curve, dy/dx in this context is meaningless.

Just remember:

• The derivative of y with respect to x is just dy/dx.

• The derivative of a function of y must be differentiated as a chain rule.

• The product rule for a term of the form:

Examples

1. Use implicit differentiation to find the equation of the tangent line to the curve

16x4 + y4 = 32

at the point (1, 2).

Solution: First it is a good idea to check that the point (1, 2) is indeed on the line X It is
also a good idea to rewrite the curve replacing y with [y(x)] — this reminds you to use the
Chain Rule. Differentiating across with respect to x, and plugging in (x0, y0) = (1, 2):

Now using the line formula:
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2. The Folium of Descartes is a plane curve with the equation

x3 + y3 − 3xy = 0

Find the x-coordinate of a point where it has a horizontal tangent.

Solution: For a horizontal tangent we must have

We find dy/dx by implicitly differentiating with respect to x:

The only time a fraction is zero is when the numerator is zero:

To see which points on the curve satisfy this condition, substitute into the equation of the
curve:
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3. Use implicit differentiation to find the equation of the tangent line to the curve x2+3xy2+y3 =
5 at the point (1, 1).

Solution: The tangent is a line so we need to use the equation of a line ‘formula’:

We have (x1, y1) = (1, 1) so we need m =
dy

dx
. First we note that y = y(x) and we write

Now we differentiate with respect to x:

Now we evaluate this, the slope, at (x, y) = (1, 1)

Now we use the formula for the equation of a line:

Alternative solution: If we are careful, we can skip a few steps. From the point where we
differentiated with respect to x:

2x+ 3x · 2y · dy
dx

+ y2 · 3 + 3y2 · dy
dx

= 0,

we can, after we have differentiated, substitute in our x and y values and solve for
dy

dx
:
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4. Winter 2012: Question 1 (b) Given the ellipse with the equation

2x2 + y2 = 48

(a) Find a general expression for
dy

dx
.

(b) Find the two points on the ellipse with x = 4.

(c) Find the value of
dy

dx
at each of these points.

[6 Marks]

Solution:

(a) First we note that y = y(x) so we write

Now we differentiate both sides with respect to x:

Now we solve for
dy

dx
:

(b) A point is on the curve if and only if it satisfies the equation of the curve. Suppose (4, y)
is on the curve: what must y equal? Let x = 4:

(c) We calculate
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5. Summer 2012: Question 1 (a) Use implicit differentiation to find the slope of the tangent
line to the curve 2x3−y = 3y2 at the point (1,−1). [6 Marks]

Solution: The slope of the tangent is exactly the derivative so we must find
dy

dx
. First we

note that y = y(x) so we write

Now we differentiate both sides with respect to x:

Now we solve for
dy

dx
:

Take out the common factor
dy

dx
on the right-hand side:

Now we evaluate at (x, y) = (1,−1)

Exercises: To follow...
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