
MS 2001: Homework

Please complete one of the following homeworks. There is a lot of information in each ques-
tion: it is up to you to filter out the important stuff from the interesting stuff that doesn’t ap-
ply to the questions that the homework is actually asking you to do. The questions that you must
answer are underlined.

The final date for submission is 2 p.m. Friday 1 February 2013. You will have full freedom
in which one you want to do and can hand up early if you want. You will be submitting to
the big box at the School of Mathematical Science. If I were you I would aim to get it done
and dusted early.

Note that you are free to collaborate with each other and use references but this must be
indicated on your hand-up in a declaration. Evidence of copying or plagiarism will result in
divided marks or no marks respectively. You will not receive diminished marks for declared
collaboration or referencing although I demand originality of presentation. If you have a
problem interpreting any question feel free to approach me, comment on the webpage or
email.

Ensure to put your name, student number, module code (MS 2001), and your declaration
on your homework. You have over two months notice: work submitted even a minute
late will be assigned a mark of zero.

1. Nowhere-Continuous Functions

The aim of this project is to show that nowhere-continuous functions exist.

The fractions are said to be dense in the real numbers. This means that given any
ε > 0 and any real number x ∈ R, there exists a fraction q ∈ Q such that

|x− q| < ε.

Let ε = 1/100. Show that there exists a fraction q ∈ Q such that

|π − q| < ε.

Note that π ̸= 3.14 and π ̸= 22/7 but decimal approximations to π may be found on
the internet or, even better, inputting

N[\[Pi],k]

into WolframAlpha.com (k decimal places).

Generalise this argument by showing that for all ε = 1/10n (where n ∈ N) and
x = 0.a1a2a3 . . . (ai is the ith digit in the decimal expansion of x), there exists
a q ∈ Q such that

|x− q| < ε,

thus proving that the fractions are dense in the reals.
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This means that, in particular, there are fractions arbitrarily close to real numbers.
This would suggest that there are as many fractions as real numbers. However this is
not actually the case. A set S is called countable if it is finite or there exists a bijection
ϕ : S → N. This “bijection ϕ : S → N” is nothing but a counting function so we see
that if we can list the elements of a set then it is countable. The set of integers Z is
countable because we can list all of the elements of Z:

Z = {0, 1,−1, 2,−2, 3,−3, . . . }.

Show that Q is countable by listing all of the elements of Q.

Remarkably we can show that R is not countable. Suppose that R were countable and
we could list it as follows (here a1 is the first digit, a2 the second digit, etc.):

0. a1 a2a3a4 . . .

0.b1 b2 b3b4 . . .

0.c1c2 c3 c4 . . .

...

Consider the real number
0.a′1b

′
2c

′
3 . . . ,

where a′1 ̸= a1, b
′
2 ̸= b2, c

′
3 ̸= c3, etc. This element is not on our list. It is not the first

element because it differs from the first element in the first decimal place.; it is not
equal to the second element because it differs from the second element in the second
decimal place, etc. Therefore if you try and list all the real numbers there will always
be a real number that is not on your list.

We use a concept called cardinality to assign a size to infinite sets. Sets A and B are
said to have equal cardinality if there exists a bijection ϕ : A → B. The cardinality
of A is less than that of B if there exists a surjection ψ : B → A. We say that
the set of real numbers is uncountable and this means that we cannot count all the
real numbers and thus in a certain sense there are more real numbers than fractions.
That is to say that the infinity of real numbers is a larger infinity than the infinity
of natural numbers. We say that the natural numbers have a cardinality of |N| = ℵ0

— pronounced aleph-null; and that the real numbers have a cardinality of |R| = ℵ1.
As there is no bijection ϕ : R → N — we can’t list the elements of R — we say can
that ℵ0 ̸= ℵ1. It was a very famous mathematical problem, the continuum hypothesis,
to determine whether or not there was a set S whose cardinality was strictly between
that of ℵ0 and ℵ1:

ℵ0 < |S| < ℵ1.

That is does there exist a set S such that there are surjections ψ1 : R → S and
ψ : S → N but no bijections ϕ1 : S → R or ϕ2 : N → S. Remarkably, this problem is
undecidable! Using the axioms of set theory, you can neither find a set that has this
property nor prove that none such set exists!
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Our algebraic definitions of limits and continuity were inspired by geometric pictures
— but these same pictures can lead us astray. Try and draw a graph of a nowhere,
everywhere-defined continuous function and you will be led to the conclusion that every
function must be continuous at some points.

Use the ε-δ definition of a limit to show that

f(x) =

{
1 if x ∈ Q
0 if x ∈ R\Q

is continuous at no points.

Use the ε-δ definition of a limit to show that

g(x) =

{
x if x ∈ Q
0 if x ∈ R\Q

is continuous at x = 0 only.

2. Intermediate Value Theorem

The aim of this project is to investigate the following version of the Intermediate Value
Theorem.

Intermediate Value Theorem: MS2001 Version

If f : [a, b] → R is continuous, then the image f([a, b]) is a closed interval.

Note that the image of f([a, b]) is the set

{f(x) : x ∈ [a, b]}.

This is not commonly known as the Intermediate Value Theorem but instead follows
from the much more general theorem of topology.

Suppose that f : U → V is a continuous function, then the image of a connected
and/or compact set S ⊂ U is connected and/or compact in V .

We can’t define what connected and compact is in MS2001 but it suffices to say that
the connected and compact subsets of R are the closed intervals. Hence the MS2001
Version of the Intermediate Value Theorem (MS2001 IVT).
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The MS2001 IVT implies the Intermediate Value Theorem.

If f : (a, b) → R is continuous, x1, x2 ∈ (a, b]) and y ∈ R such that

f(x1) ≤ y ≤ f(x2),

then there exists a c ∈ (a, b) such that f(c) = y.

This is just saying that connectedness is preserved by continuous functions. The
MS2001 IVT also implies the Extremal Value Theorem.

If f : [a, b] → R is continuous then f attains its absolute maximum and
absolute minimum on [a, b]. That is there exists xmin, xmax ∈ [a, b] such that

f(xmin) ≤ f(x) ≤ f(xmax)

for all x ∈ [a, b].

This is just saying that compactness is preserved by continuous functions1.

(a) Show carefully that the MS2001 IVT implies the Intermediate Value Theorem.

(b) Also show carefully that the MS2001 IVT implies the Extremal Value Theorem.

(c) Show that we need both of the hypothesis by

i. giving examples of discontinuous functions g : [a, b] → R such that g([a, b]) is
not a closed interval because

A. g does not attain it’s maximum on [a, b].

B. g([a, b]) is disconnected. That is there exist points x1, x2 ∈ [a, b] such that

f(x1) ≤ y ≤ f(x2),

but there does not exist a c ∈ [a, b] such that g(c) = y.

ii. giving an example of a continuous function h : (a, b) → R such that h((a, b))
is not a closed interval because it does not attain it’s maximum on (a, b).

(d) The converse to the MS2001 IVT reads

Suppose that f : [a, b] → R such that f([a, b]) is a closed interval, then f
is continuous.

Show that the converse to the MS2001 IVT is false.

1you can replace the [a, b] by a (at least) countable union of ‘uniformly bounded’ closed intervals and the
theorem still holds. Compactness in R is equivalent to closed and bounded
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3. Fixing Nasty Functions and making them Nice

Some naturally occurring phenomena appear to be modelled well by non-smooth and
even discontinuous functions. For example, let ω(x) describe the loading per unit
length on a beam of length L:

Figure 1: A typical loading on a beam.

Show that the loading on the beam is given by

ω(x) =


0 if 0 ≤ x < a
w1 if a ≤ x ≤ b
0 if b < x < c

w2

L−c
(x− c) if c ≤ x ≤ L

Explain why the loading is not continuous at x = a and not smooth at x = c.

Most of this discontinuous and non-smooth behaviour can be captured by the following
functions:

Definitions

The Ramp Function, defined by

[x] =

{
x if x ≥ 0
0 otherwise

. (1)

The Heaviside Step Function, defined by

H(x) =

{
1 if x ≥ 0
0 otherwise

. (2)

The Dirac Delta Function, defined by

δ(x) =

{
“∞” if x = 0
0 otherwise

. (3)
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(a) Graph all three functions taking care to deal with x = 0. Hence explain why
R(x) is not smooth at x = 0 and why H(x) is discontinuous at x = 0.

(b) Explain why the Dirac Delta Function, as defined here, is not a function.

(c) Argue roughly why
d

dx
R(x) = H(x), and

d

dx
H(x) = δ(x).

To do proper analysis this is all too messy: these functions are not nice. R(x) is not
smooth, H(x) is not continuous and δ(x) isn’t even a function! In this project we try
to make these functions nicer : smoothen R(x), make H(x) continuous and make a
proper definition for δ(x). To do this we will employ a thin boundary layer around
x = 0. Clearly these functions are fine away from x = 0 and we only need to ‘fix’ the
functions for x near 0. If we can fix the functions for points very close to x = 0 and
have them behave the same way outside this boundary layer we will have nice models
for discontinuous phenomena.

Therefore we let ε > 0 be a small real number and consider the boundary layer of
width ε about x = 0 given by

Bε :=
{
x : −ε

2
≤ x ≤ ε

2

}
= [−ε/2, ε/2]. (4)

This ε is what we might call a parameter and the smaller ε is the better our nice
approximations are to these discontinuous functions.

For each ε > 0, define the following approximation to the Dirac Delta ‘Function’:

δε(x) =

{
1
ε

if x ∈ Bε

0 otherwise
. (5)

(a) Sketch a graph of δε(x) and hence show that δε(x) is not a continuous function.

(b) Explain why δε(x) is a function.

(c) Explain why δε(x) is a good model for δ(x) — especially when ε→ 0.
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We can ‘fix’ the Heaviside Step Function by taking the points (−ε/2, 0) and (ε/2, 1)
and drawing a line between them. That is we redefine the Heaviside Function in the
boundary layer using a line y = mx+ c:

Hε(x) =


0 if x < −ε/2

mx+ c if x ∈ Bε

1 if x > ε/2
. (6)

(a) Sketch a graph of Hε(x) and hence show that Hε(x) is continuous but not smooth.

(b) Find the values of m and c.

(c) Explain why Hε(x) is a good model for H(x) — especially when ε→ 0.

We can ‘fix’ the Ramp Function by taking the points (−ε/2, 0) and (ε/2, ε/2) and
joining a curve between them. We will use a quadratic function to join up these two
points continuously. If we can join up these two points smoothly the curve joining
them is known as a spline.

Rε(x) =


0 if x < −ε/2

Ax2 +Bx+ C if x ∈ Bε

x if x > ε/2
. (7)

(a) Sketch a graph of Rε(x).

(b) Find the values of A, B and C such that Rε(x) is continuous but also smooth.

(c) Explain why Rε(x) is a good model for R(x) — especially when ε→ 0.

Finally show that
d

dx
Rε(x) = Hε(x)

and that, for x ̸= ±ε/2:
d

dx
Hε(x) = δε(x).

4. Continuity
Summarise Chapter Two. At the end of this file there is a summary of Chapter One:
this is the kind of thing I am looking for — although you should definitely add some
diagrams to illustrate the points that you are making.

5. Leaving Cert Questions Look at the following questions from the Leaving Cert
Higher Level Papers (from examinations.ie — NOT Project Maths Papers)

2012 Q. 6 — except part (a) (ii); Q. 7 (b), (c) (i).

2011 Q. 6; Q. 7 (a)

2010 Q. 6 (c); Q. 7

2009 Q. 6 (a), (b) (i), (c); Q. 7 (a), (c) (i)

2008 Q. 6 (a); Q. 7(a), (b)
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As the marking schemes are also on examinations.ie, just asking you to do the solutions
wouldn’t be enough. Instead what you must do is either

(a) give the solutions quoting the relevant definitions/theorems/results/facts/etc.
from MS2001 that makes your solutions correct.

OR

(b) make up a set of worked solutions of these questions for a Leaving Cert class.
This means that you can’t just give the solutions: you must also explain the
concepts involved and perhaps make remarks along the way about algebra, etc.

6. L’Hôpital’s Rule

Suppose that we have a smooth function f : R → R. Then near the point x = a the
function is well approximated by a line. In particular show that for h ≈ 0 we have

f(a+ h) ≈ f(a) + hf ′(a). (8)

This is called the linear approximation to f(x) near x.

If we are calculating a limit of the form

lim
x→a

f(x)

g(x)

such that f(a) = g(a) = 0, then the limit is called an indeterminate form. Sometimes
we can deal with limits of this sort, for example

lim
x→3

x− 3

x2 − 9
= lim

x→3

1

x+ 3
=

1

6
.

However such a method will not work in general. For example

lnx

x− 1

appears to approach 1 as x itself approaches 1 suggesting that

lim
x→1

lnx

x− 1
= 1.
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If we plot ln x and x− 1:

0.5 1.0 1.5 2.0
x

-2.5

-2.0

-1.5

-1.0

-0.5

0.5

1.0

Figure 2: The line g(x) = x− 1 and the function f(x) = ln x both appear to approach zero
at the same rate as their slopes are the same near x = 1. Can this information about the
slopes of f(x) and g(x) — f ′(x) and g′(x) — tell us anything about the limit of f(x)/g(x)
as x→ 1?

L’Hôpital’s Rule is a method that uses this idea.

L’Hôpital’s Rule

Suppose that f(x) and g(x) are smooth and g′(a) ̸= 0 near a (except possibly at a).
Suppose that f(a) = g(a) = 0. Then

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)
.

Use the linear approximations to f(x) and g(x) to argue that L’Hôpital’s Rule is true.

You can also show that L’Hôpital’s Rule works when the limits of f(x) and g(x) both
go to zero or both go to infinity rather than being equal to zero at x = a but that is a
little bit more difficult.

Use L’Hôpital’s Rule to calculate where possible. If you can’t use L’Hôpital’s Rule
explain why not.

(a) lim
x→−1

x2 − 1

x+ 1

(b) lim
x→1

x9 − 1

x5 − 1
.

(c) lim
x→1

lnx

x− 1
.
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(d) lim
t→0

et − 1

t3
.

(e) lim
x→0

tanx− x

x3
.

(f) lim
x→π/2−

(secx− tanx).

(g) lim
x→0

(
1

x
− 1

sin x

)
.

(h) lim
x→1

x2 + 1

x2 + x+ 1
.

(i) lim
x→π−

sinx

1− cosx
.

7. Linear Algebra

Let V := C∞(R) be the set of infinitely differentiable functions2. This can be given the
structure of a vector space by defining addition by

(f + g)(x) = f(x) + g(x),

for all f(x), g(x) ∈ V and scalar multiplication by

(kf)(x) = k · f(x),

for all k ∈ R. A function T : A→ A, where A is a (real) vector space, is linear if:

T (u+ k · v) = T (u) + k · T (v)

for all u, v ∈ A and k ∈ R. An example of a linear map is a two-by-two matrix
M : R2 → R2: (

1 2
−3 4

)(
x
y

)
=

(
x+ 2y

−3x+ 4y

)
.

(a) Show that the differentiation operator D : V → V is a linear map.

(b) Show that the differentiation operator is NOT invertible.

(c) Show that the set of polynomials P is a subspace of V and show that P is
an invariant subspace of V ; that is D(p(x)) ∈ P for all p(x) ∈ P.

(d) Find all the eigenvectors of the differentiation operator D.

2this the correct definition of smooth
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An even nicer class of functions is the set of analytic functions, denoted by U := Cω(R).
A function f(x) is said to be analytic if it can be written as a power series:

f(x) = a0 + a1x+ a2x
2 + a3x

3 + · · ·

=
∞∑
i=0

aix
i.

for some constants ai ∈ R. It turns out that if you can do this then you can differentiate
f(x) term-by-term (kind of an ‘infinite sum rule’):

f ′(x) = a1 + 2a2x+ 3a3x
2 + 4a3x

3 + · · · .

This means that all analytic functions are infinitely differentiable — however there exist
infinitely differentiable functions that are not analytic. Thus U is a proper subspace
of V .

(a) Show that the set of polynomials, P, is a subspace of the analytic functions, U .

(b) Explain why the set B = {1, x, x2, x3, x4, . . . } might be considered a basis of U .

8. Differentiation
Summarise Chapter Three. At the end of this file there is a summary of Chapter One:
this is the kind of thing I am looking for — although you should definitely add some
diagrams to illustrate the points that you are making.

9. Extrema of Functions of Several Variables with an Application to Statistics
Calculus of a single variable generalises neatly to that of functions of several variables.

Figure 3: Functions of a single variable are represented geometrically by curves while func-
tions of two variables are represented geometrically by surfaces.
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One picture suggests to us that we can locate local extrema of surfaces by finding when
we have extrema of x and y coinciding:

Figure 4: Here we can see that at a local maximum of a surface both the cross-sections
describe curves that are also ‘experiencing’ local maxima.

At a cross-section we keep x = k a constant and look at how z changes with respect
to y:

-3 -2 -1 1 2 3
y

0.5

1.0

1.5

z= f Hx,yL

Figure 5: The cross section of a surface for a fixed x.

Let us fix x ∈ R and ask about the derivative of f(x, y). When x is fixed, we call the
derivative of this function with respect to y the partial derivative of f(x, y). We denote

this by
∂f

∂y
.
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When we ‘take’ a partial derivative with respect to one of the variables we treat the
other as a constant and differentiate with respect to the other. For example if f(x, y) =
x2y + cos(xy) we have

∂f

∂x
= 2xy − sin(xy)y

∂f

∂y
= x2 − sin(xy).x.

So we have that maxima occur when

∂f

∂x
=
∂f

∂y
= 0, and

∂2f

∂x2
< 0, and

∂2f

∂y2
< 0.

and minima occur when
∂f

∂x
=
∂f

∂y
= 0, and

∂2f

∂x2
> 0, and

∂2f

∂y2
> 0.

Describe geometrically the situation where

∂f

∂x
=
∂f

∂y
= 0, and

∂2f

∂x2
< 0, and

∂2f

∂y2
> 0.

[HINT: We call such a point a saddle point ].

(a) Show that (1, 1) and (−1, 1) are local minima of the function of two variables:

f(x, y) = x4 + y4 − 4xy + 1.

(b) Find the shortest distance between the point (1, 0,−2) to the plane
x+ 2y + z = 4 by finding the local minimum of the square of the distance between
(1, 0,−2) and a general point on the plane given by (x, y, 4− x− 2y):

d2(x, y) = (x− 1)2 + (y − 0)2 + ((4− x− 2y)− (−2))2.
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Now for the application to statistics. Suppose that you have a set of data
{(x1, y1), (x2, y2), . . . , (xn, yn)} and you plot your data:

x

y

Figure 6: The data appears to have a linear relationship y = mx+ c. Perhaps the measuring
process was not precise or accurate. Is there a line of best fit for this data as shown?

Remarkably, we can use functions of a several variables to find this line of best fit !

Firstly we assume that there is such a line and we assume that it has slope m and
y-intercept c:

y = mx+ c.

Now fix the set of data {(x1, y1), (x2, y2), . . . , (xn, yn)}: all of the xi and yi are constants.
We aim to minimise the sum of the differences between the line y = mx + c and the
observed values of y:

S(m, c) =
n∑

i=1

(yi −mxi − c)2.

This is now a function of the variables m and c and we want to find the values of m
and c such that S(m, c) is a minimum. Show what (yi −mxi − c) is geometrically.

Show that

S(m, c) =
n∑

i=1

(c2 − 2cyi) +
n∑

i=1

(m2x2i − 2mxiyi) +
n∑

i=1

2cmxi +
n∑

i=1

y2i

Show that the partial derivatives of S(m, c) are given by

∂S

∂m
=

n∑
i=1

(2cxi + 2mx2i − 2xiyi),

∂S

∂c
=

n∑
i=1

(2c+ 2mxi − 2yi)
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Now make the change of variables

A : =
n∑

i=1

xi

B =
n∑

i=1

x2i

C =
n∑

i=1

xiyi

D =
n∑

i=1

yi

and rewrite the equations as

∂S

∂m
= 2cA+ 2mB − 2C,

∂S

∂c
= 2cn+ 2mA− 2D

By solving the simultaneous equations, show that both partial derivative are zero when

m =
nC − AD

Bn− A2

c =
BD − AC

nB − A2

Ensure that this is a local minimum by showing that

∂2S

∂m2
and

∂2S

∂c2

are both positive.

Converting back into terms of xi and yi we have the theorem/formula.

Line of Best Fit

Suppose that {(xi, yi) : i = 1, 2, . . . , n} is a set of data. Then the line of best fit to the data,
in the least squares sense is given by y = mx+ c with

m =
n
∑n

i=1 xiyi − (
∑n

i=1 xi) (
∑n

i=1 yi)

n
∑n

i=1 x
2
i − (

∑n
i=1 xi)

(9)

and

c =
(
∑n

i=1 x
2
i ) (

∑n
i=1 yi)− (

∑n
i=1 xi) (

∑n
i=1 xiyi)

n
∑n

i=1 x
2
i − (

∑n
i=1 xi)

(10)
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1 Chapter One Inequalities: Summary

1.1 Motivation

In this module we want to study continuous and smooth functions.

Our algebraic definition of a continuous function is inspired by the geometric idea of a
continuous function as one whose graph can be drawn without ‘lifting the pen from the
page’.

A function is continuous at a point a ∈ R, if as the inputs x get closer and closer
to a, then the outputs get closer and closer to f(a).

As it sits this is not a rigorous definition. What does closer mean? Can we formulate what
it means for x to be close to a?

The geometric definition of a smooth function is one whose graph can be approximated by
a line near each of its points: there is a well-defined tangent at each point. We approximate
the slope of the tangent at a point x = a by joining up the point (a, f(a)) and a point near
(a, f(a)) which we usually denote by (a+ h, f(a+ h)). This yields the approximations:

m(h) =
f(a+ h)− f(a)

h
. (11)

A function is smooth if the approximations m(h) get closer and closer to a specific
value as points closer and closer to (a, f(a)) are used.

If points very close to (a, f(a)) are used then we are looking at m(h) whilst making h smaller
and smaller.. but we cannot let h = 0 as otherwise there is only one point and no slope. So
not only are we interested in h getting closer to 0, we don’t want h to equal zero.

Chapter One: Inequalities gives us the language to begin answering these questions. To talk
about one quantity being larger than another we introduce the idea of an inequality, x > y:
x is bigger than y. We will show that |x − a| is the distance between x and a and if, for
example, we want the distance between x and a to be less than d, we can write |x− a| < d
— the distance between x and a is less than d.

1.2 Content

The first thing we must do when talking about numbers being close to each other is to talk
about numbers themselves. Are we talking about whole numbers, positive numbers, complex
numbers, etc.? We outlined the main number sets: the natural, counting numbers, N; the
whole numbers, the integers, Z; the fractions Q and finally the real numbers R. Most of our
work will be done with the real numbers.

If we are to talk about distances getting small we need to talk about bigger and smaller. We
introduced an order on real numbers3, greater than. We did not give a rigorous definition of
what it meant for a number x to be bigger than y — denoted x > y — so we just used a

3and the obvious generalisations ≥, <, ≤
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näıve definition. We wrote down some axioms/assumptions that we wanted the greater than
relation to obey.

From here we could deduce more involved properties of the greater than relation, many of
which tallied with our everyday notion of an inequality as an unbalanced pair of scales. It
is only when we think about how the greater than relation interacts with negative numbers
that this analogy breaks down: because we don’t have negative weights! In particular, we
showed that given an inequality “LHS” > “RHS” we can

1. ‘add a big number to the LHS and a small number to the RHS’

2. ‘divide both sides by a positive number’

3. ‘multiply the LHS by a big positive number and the RHS by a small positive number’

and the inequality will be preserved.

We were told that we would encounter inequalities of the form

f(x) > g(x) ⇔ f(x)− g(x) > 0,

but that having a good geometric understanding of functions, particularly lines and quadrat-
ics, might allow us to solve such inequalities geometrically.

We saw that any function of the form f(x) = mx + c represented a line of slope m and
y-intercept c and we called functions of the form

f(x) = ax2 + bx+ c , for a, b, c constants

quadratic functions. We saw by rewriting f(x) that all quadratics are translations of s(x) =
x2 so must either look like

∪
or

∩
. This suggests that quadratics have either two, one

or no real roots but we showed that all quadratics have two roots: although they could be
repeated or complex. This was the consequence of a more general theorem: The Fundamental
Theorem of Algebra, which states that a degree n polynomial has n roots.

To begin our study of distance we introduced the absolute value function. We demonstrated
that | − x| ≠ x necessarily but instead that the absolute function did nothing to positive
inputs and multiplied negative inputs by −1:

|x| =
{

x if x ≥ 0
−x if x < 0

(12)

We derived some properties of the absolute value function, many of which are needed to
solve any inequality containing an absolute value. We showed that |x − a| represents the
distance between x and a by proving that

{x : |x− a| < δ} = {x : a− δ < x < a+ δ}.

Finally we investigated how to find upper bounds for functions on a closed interval; i.e. find
a M > 0 such that |f(x)| < M for all x ∈ [a, b]. The method we used employed a mixture of
the triangle inequality and the reverse triangle inequality. The ability to bound a function
on a closed interval would be important in the next chapter.
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1.3 Conclusions

After Chapter One, we can say that two numbers x and a are close if the distance between
them, |x− a| is smaller than some small number d:

|x− a| < d.

At this point, we can say that if we are interested in x getting close to a, but not equal to a
that we must have the distance between x and a strictly larger than zero:

0 < |x− a| < d.

Chapter One gives us the language to properly define what it means to say that

lim
x→a

f(x) = L

and

lim
h→0

f(a+ h)− f(a)

h

exists.
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